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(2)  All questions are compulsory.

(3) Figures to the right indicate marks of corresponding question.
(4) Follow usual notations.

(5) Use of non-programmable scientific calculator is allowed.

\ Student’s Signature )

1. Answer the following as directed: (Any FIVE) (10)
(1) Ifx=x7! for every element x in a group G, then G is abelian.

(2) Prove that a cyclic group is abelian.

(3) If for some elements a, b in a group G, o(a)=3 and a-b-a~'= b2,
then find o(b).

(4) Let H and K be subgroups of orders o(H) and o(K) ; respectively; of a

finite group G ; where o(H) > yo(G) and o(K) > /o(G) . Then prove
that H N K # (e).

(5) Define Euler’s Function ¢. State Euler’s Theorem.

(6) Define Normal Subgroup. Give an example of a normal subgroup of an

abelian group.

(7) If60=(4793)and o= (3 6)5) are the permutations in Sy, then find 6- ol
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(8) Which of the following permutations in Sy are even:
(A)(358)(4217)(876);(b)(187426)(82534)-(528).

. ttempt any :
2 A TWO (10)
(a) Prove that:
1 ¢ 1dentity element 1in a group G 1S unique.
' The identitv el : G is uni
(ii) If (a-b)> = a*-b* for all a, b in a group G, then G is abelian.
(b) Prove that a non - empty subset H of a group G is a subgroup of G if
and only if
1) abeH=abeH,
(i) aeH=aleH.

(c) Prove that the intersection of any two subgroups of a group is a subgroup.

3. Attempt any TWO: (10)
(a) Let H be any subgroup of a finite group G. Then prove that o(H) lo(G).
(b) Prove that:
(i)  If Gis a finite group and a in G,then a°©) = e.

(i1) If p is a prime number and a is an integer such that p t a, then
aP = a (mod p).
(c) Ifthe order of a finite group G is a prime number p, then prove that G is
cyclic.

4. Attempt any TWO: (10)
(a) Prove that a subgroup N of a group G is a normal subgroup of G if and
onlyifg- N -g'=N;foreveryge G.
(b) Define Kernel Homomorphism of Groups. Let ¢ : G — G be a
homomorphism of a group G in to a group G. Then prove that:
(1) ¢ (e) =e, where e, e are the identity elements of groups G and
G respectively;
(i) ¢ () =[¢ (x)]!; for every x in G.
(c) (1) Isthe homomorphism ¢ : G — G ; where G = (a); a cyclic group of
order 4; defined by ¢ (a) = a?; for every a in G; an automorphism of

G ? Justify your answer,

(11) Let ¢ : G —> G be an automorphism of a group G. Then prove that
o(¢(a)) = o(a); for every a element in G.
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5. Attempt any TWO: (10)

(@) (1) Find the Orbit of 7; for the permutation

(1234567
0-=[5754123)ns;

(ii)  Verify whether 1! is even or odd permutation; for the

permutations T = (172 9)and ® = (4 1 3) in S,,.

(b) Prove that there does not exist any permutation 6 in S, satisfying
01 (379)0=(4286).

(c) Given the permutations ¢ = (1 2)-(3 4) and t= (3 1)-(5 6) in S;; find the

permutation 6 in S satisfying 7! -6-0= .
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